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0. A. Dermanis, his works, and the system theory of Polar Motion (POM) 

and Length of Day Variations (LOD), an introduction 
 
At first we review the very important works of A. Dermains with respect to Geodetic 
Reference Frames, based on surface deformation measures like dilatation, shear, 
rotation and energy. Special attention finds Frame Invariance and Parameter Esti-
mability. 

The following parts of the author’s work on Global Reference Frames in concen-
trated on the subject of System Theory for Polar Motion (POM) and Length of Day 
Variations (LOD) experienced by studying Bulletin A, Vol. XXIX, No. 046, on No-
vember 17, 2016. The analysis the new USNO VLBI solution using 
least Earth Orientation Parameters (EOP). The contributed analysis of results is 
based on data from  

 Very Long Baseline Interferometry (VLBI),  
 Satellite Laser Ranging (SLR),  
 Global Positioning System (GPS) satellites,  
 Lunar Laser Ranging (LLR), and  
 meteorological predictions for variations in Atmosphere Angular Momen-

tum (AAM)  

They start with the International Earth Rotation System (IERS) Rapid Service for 
weekly outputs, predictions of the Polar Motion as well as the difference between 
UT1-UTC (Universal Time Coordinated), also daily and Celestial Pole Ofsets Series. 
 
 
1. Athanasios Dermanis and the problem of Geodetic Reference Frames, 

an introduction 
 
Athanasios Dermanis, in short “Sakis”, pioneered the topic of Geodetic Reference 
Frame by studying Earth Rotation and Network Geometry by studying the optimiza-
tion of Very Long Baseline Interferometry (1977, 1978i, ii, 1980). Our first joint 
paper published in the prestigious “Geophysical Journal of the Royal Astronomical 
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Society 64(1981)31-56” treated the estimability problem of geodetic, astronomical 
and geodynamical quantified in “Very-Long-Baseline-Interferometry” honoring the 
90th birthday of Sir Harold Jeffarys. My own contribution was oriented to include 
relativistic terms which had been beforehand declared as measuring errors on the 
post-Newton level. 

Sakis widened his interest in the analysis dilation, shear, rotation and energy for de-
formable, rotating bodies. (1982, 1983i, ii, iii, 1984) We wrote another joint paper 
by the finite element approach to the geodetic computation of two- and three-dimen-
sional deformation parameters, a study of Frame Invariance and Parameter Estima-
bility in the year 1992. 

Earth rotation became for him of central importance and was the subject of key in-
terest in Geodetic Reference Frame, in general. (2000; 2001; 2003i; ii; iii; 2005i; ii; 
2006; 2007; 2009i; ii; 2010i; ii): Fundamentals of Surface deformation and applica-
tion to construction monitoring were key subjects in (2011, 2013). Global frames of 
reference as well as determination of transformation parameters between various ge-
odetic frames of reference are of key importance for him (2015, 2016i, ii). 

Sakis is for many years the key theoretician in analysis systematically time deform-
ing geodetic network in one-, two-, three- and four-dimensions! He gave advice to 
colleagues for the analysis of Global Reference Frames and the transformation be-
tween them! We hope that he likes my also systematic study of Polar Motion (POM) 
and Length of Day Variations (LOD) by means of System Theory. 
 
 
2. System theory: The dynamical Euler-Liouville equations-angular mo-

mentum balance, and excitation functions 
 
2.1 Introductory remarks: angular momentum balance, rotation axis, axis of 

figure 
 
In order to develop a System Theory of the rotation of celestial bodies we have to 
take advantage of the rotational motion on the basis of the balance equations of linear 
and angular momentum of a deformable body. We have to refer the basic work of 
M.L. Smith (1974,1981), P. Georghiadun (1984) and P. Gorghiadun and E. Grafar-
end (1986). It is well known that the balance equations of the angular momentum are 
sufficient to describe the rotational motion of a rigid body, but not so far a deforma-
ble body. The equations of linear and angular momentum for a deformable body are 
coupled. Excitation mechanisms generate torques due to tidal effects by the Sun, the 
Moon and other planets for instance. We are in need to develop multibody dynamics 
of deformable bodies! Beside external acting momentums there are internal effects 
which are effecting torques, for instance loading mechanisms to the mantle caused 
by the triple system oceans atmosphere-solid celestial body, transversal surface 
stress and various core mantle interactions effects of first order. At this point we 
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must mention the basic work of C. Truesdell (1961): According to his table, we must 
neglect here spin angular momentum, the momentum stress as well as degree of free-
dom of type Cosserat Continuum which relate to the antisymmetric part of the stress 
tensor. 
 
 
2.2 Dynamical reference frames and rigid body dynamics 
 
We start from here the commutative diagrams in decomposing the velocity field in 
three parts, namely in Figure 2.1 and Figure 2.2 and 2.1 and Table 2.2.  and 

. The balance of the moment of the momentum in a quasi-body fixed frame of 
reference is organizing in the spin-orbiting coupling , and in the rotation-defor-
mation coupling  which  accounts for the torque of the rigid 
body as a first approximation and  for the torque cancel by the dynamics of de-
formable bodies of Liouville type as a second order approximation. 

In our perturbed balance equation we have denoted by  or  the an-
holonomic three coordinates of the rotation vector in the quasi-inertial reference 
frame,  an orthonormal Frenet tried,  the Cartesian coordinates of 
the inertial tensor 
 

 (1) 
 
in the frame of reference with respect to the mass center 0 of the 
planet. Since the body of celestial mechanics deforms, the coordinates  of the 
tensor of inertial are time dependent, contrary to the rigid body dynamics, namely 

. While 
 
   (2) 
 
are the coordinates of the reference angular momentum, the so-called “incremental 
angular momentum” in the quasi-body fixed frame of reference , we 
refer the perturbed angular momentum, the “incremental angular momentum” by 
 

  (3) 
 
we introduce the Liouville perturbation theory based on L. Euler in E. Grafarend and 
K. H. Haner (1976) including second terms. The acting moments 
 

 (4) 
 
are placed on the right side of the balance equations,  denotes the incremental 
moments of inertia usually on the left side of the balance equations. The structure of 
the balance equations of angular momentum is generated by the triple decomposition 
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of the local velocity field in Table 2.1. The term of zero order is determined by the 
velocity , for instance of the center of mass of the Earth, obtained by “COM”, 
relative to the inertial reference point 0. Illustrated by Figure 2.2. 

The contribution of the first order of the velocity field vi results in a velocity field 
generated by the rotational dynamics, the second order velocity field by the time 
dependent displacement field of the deformable body relative to the global rotation”. 
The term v2 is caused by the “relative angular momentum” , also called . 

The term of zero order is related to the “spin-orbit coupling” related later. The other 
coupling terms of first and second order are mentioned by the “rotational defor-
mation coupling”, again treated separately. 

While in Table 2.2 we have introduced the linearization of the rotational defor-
mation, also called “first Liouville perturbation”, we used in addition the lineariza-
tion of the tensor of inertia  and of the rotation vector also 
called the “second Liouville perturbation”. Also, the second perturbation applies to 
the torque . The splitting of the balance equations of angular momen-
tum leads in the first approximation to the classical 
rigid body rotation and in the second approximation to the incremental angular mo-
mentum balanced with terms of second order. In order to present simple solution of 
the incremental angular momentum equations we agree to two assumptions: 

First, we fix the axis of the reference inertial tensor, the so-called eigenvectors, 
to the principle components of the inertial tensor, namely 

 

assuming  

Second, we assume the reference rotation follows the so-called z-axis. In system 
dynamics upped two balance equations of polar motion with dimensionless param-
eters ! But, in the balance equation of the perturbation 
of the Length of Day (LOD) the dimensionless perturbation parameter  
is introduced decoupled from the other two components ( ). 
 
 
2.3 The Euler balance equation of angular momentum: 

Liouville perturbation theory 
 
The next step of the Liouville’s perturbation theory of angular momentum is directed 
towards modeling the timelike variations of the incremental inertia tensor . 
These solutions have been developed with respect to the local linear momentum bal-
ance equations, for instance solving the gravitoviscoelastic field equations in the 
Habilitation Thesis of D. Wolf (1997). We introduced the solutions in time-varying 
incremental inertial tensor in E. Grafarend, J. Engels and P. Varga (2000). 



2L  L

J j j     

M m m 

11 22 33, ,j A j B j C    

0.D E F    
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1 2,x x

klj



The Global World of A. Dermanis and an attempt to use System Dynamics for the analysis  
of Polar Motion (POM) and Length of Day Variations (LOD) 

5
 

Here again refer to a recouping of the incremental inertia tensor towards the incre-
mental potential coefficients  of degree 2, specified to 

 loading effect in the time domain, retarded 
 tidal effects in the time domain, retarded 
 centrifugal potential in the time domain, retarded 

referring to the Love number  or to the Love kernel number function  
International Reference Sphere of radius R. Specifically, the “Fluid Love Number” 

 are reviewed. In particular, the influence  of the incremental centrifugal po-
tential was studied since it is linear in { }. 
 
Table 2.1: Principle of Balance of moment of Momentum: angular momentum in a 

quasi-body fixed frame of reference (rotation reference frame) first Liouville 
perturbation 

 
“three constituents of angular momentum” 

 
 

 
 

 “spin orbit coupling’ 
 

 

 
 

 “orbit angular momentum” 
“rotational-deformation coupling” 

 
  

kl t l t kl l ijk i jm m t k ijk i j kJ D ( D J ) J D L L M              
 

 “inertia tensor” 
 

 
 

 (summation convention over repeated indicies) 
 

2: ( , , )[ || || ]kl kl k lx y z x x x dx dy dz  J   
 

 “angular momentum” 
 

1 1: ( , , )[ ( ) ]kl k lL x y z x x x x dx dy dz      

2 2: ( , , )[ ( ) ]kl k lL x y z x x x x dx dy dz      
 

End of Table 2.1: first Liouville perturbation 

 { 2, 1,0, 1, 2}m     
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t o o oD L L M  

: ( )o o oL M x 
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Table 2.2: Fundamental decompositions of the velocity fields 

 
2( , ) ( , ) ( , )ox t x t x t     

 
zero order velocity  

 
the zero-order velocity  represents 

the velocity of the center of mass 
(COM) of the celestial body with 

respect to an inertially moving 
reference center 

 
first order velocity  

 

the first order velocity  represents 
the rotational velocity of type 

. 
Corollary 

 
 

 
 

second order velocity  
 

the second order velocity  
represents the displacement rate of the 

deformable body (celestial body) 
 

End of Table 2.2: Fundamental decompositions of the velocity fields 
 
 
 
 
 
 
 
 
 

ov

ov

1v

1v

1 2rot 

1  v x
i ijk j kx  

T  

2v

2 ( , )x tv



The Global World of A. Dermanis and an attempt to use System Dynamics for the analysis  
of Polar Motion (POM) and Length of Day Variations (LOD) 

7
 

Figure 2.1: Decomposition of the velocity field commutation 
diagrams, Placement diagram P 

 

 
 
 
 

Figure 2.2: Frame of Reference: versus , 
epochs  and , fixed frame versus moving frame 

 
 

 
 

 
 
 
 

( , )x tv

1 2 3{ , , | 0}E E E 1 2 3{ , , | }f f f COM

1t 2t
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Figure 2.3: Principle of Balance of Moment of Momentum Angular Momentum in 
a quasi-body fixed frame of a reference Liouville perturbation theory 

 
“inertial tensor” 

 
 

 
special choice 

 
1,1 2,2 3,3, ,j A j B j C      

 
(all other components vanish) 

 
“rotation vector” 

 
k k k     

 
special choice: 3   (all other components vanish) 

 
dimensionless :l k kx x   

 
“force moment torques” 

 
k k kM m m   

 
“Euler-Lioville equations of angular momentum” 

 
( ) ( ) ( ) ( )

( )( )( )
( )

kl kl t k k l l t kl kl

ijk i i jm jk m m

t k ijk i j j k k

j j D D j j
j j

D L L m m

     
     

     

     
    

    

 

 
reference angular momentum equation 

 
kl t l l t kl ijk i jm m kj D D j j m        

 
incremental angular momentum equation 

 

kl kl klJ j j 



The Global World of A. Dermanis and an attempt to use System Dynamics for the analysis  
of Polar Motion (POM) and Length of Day Variations (LOD) 

9
 

( )

0(2)

kl t l ijk m i i m

l t kl ijk i m jm

t k ijk i j k

j D
D j j

D L L m

     

    

    

  

  

     
 

“ 1,1 2 ,2 3,30, 0, 0j j j   : all others vanish” 
 

1,1 1 2 3,3 2,2 3 3 3,3 2,2 2 1 1,1 2 1,2 3 1,3
2 2

3 1 2,1 2 1 3,1 2 3 3,3 2,2 3,1 2,3 1 2 3 3 2 12 3

1 : ( ) ( )

( ) 0(2)
t t t t

t

st j D j j j j D j D j D j

j j j j j j D L L L m

       

                 

       

            
 

2,2 2 3 1,1 3,3 1 1 1,1 3,3 3 2 2,2 3 2,2 1 2,1
2 2

1 2 3,2 3 2 1,2 3 1 1,1 3,3 1,2 3,1 2 3 1 1 3 23 1

2 : ( ) ( )

( ) 0(2)
t t t t

t

nd j D j j j j D j D j D j

j j j j j j D L L L m

       

                 

       

            
 

3,3 3 1 2,2 1,1 2 2 2,2 1,1 1 3 3,3 1 3,1 2 3,2
2 2

2 3 1,3 1 3 2,3 1 2 2,2 1,1 2,3 1,2 3 1 2 2 1 31 2

3 : ( ) ( )

( ) 0(2)
t t t t

t

rd j D j j j j D j D j D j

j j j j j j D L L L m

       

                

       

            
 

1,1 2,2 3,3, ,j A j B j C     : all other klj  vanish 
and 

3  :  all other i  vanish 
 

1 1 2 2 3 3: , : , :x x x         

2 2
1 2 1,3 2,3 1 2 1

2 2
2 1 2,3 3,1 2 1 2

3 3,3 3 3

1 : ( )

2 : ( )

3 :

st A x C B x j j L L x

nd B x A C x j j L L x

rd C x j L x

      

      

  

      

      

  





 

 
End of Figure 2.3: Liouville equations 

 
 

Example 2.1: Incremental inertia tensor generalized Mc Cullagh representation 
 

/2
2

1,3 1,3
0 /2 0

cos ( , , )
R

j i d d r dr r xy
 



       


      

/2
2

2,3 2,3
0 /2 0

cos ( , , )
R

j i d d r dr r yz
 



       


      

/2
2 2 2

3,3
0 /2 0

cos ( , , )( )
R

j d d r dr r x y
 



      


      
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“incremental gravitational potential (deformation potential)” 

 
1

,
,

0
( , , ) ( , )

ll
l m

l m
l m l

Ru r e u
r

     


 

   
 

   

 
1,1 1, 1 1,0, ,

3 3 3
r r rx e y e z e    

 
 “generalized Mc Cullagh representation” 

 

2,1 3
3 ( , , )
5

gu x y z xz dxdydz
R

    

2, 1 3
3 ( , , )
5

gu x y z yz dxdydz
R

   
 

 
3 3

1,3 1,3 2,1 2,3 2,3 2, 1 3,3 2,0
5 5 2 5, ,
3 3 3

R Rj i u j i u j u
g g

                
 

End of Example 2.1: Incremental inertia 
 

Example 2.2: Linearized centrifugal potential 
 

2( ) | | |v cent x x x       
 

2 2 2
3 1 2( ) ( )v cent x y z xz yz            

 
2

2 2,0 2,1 2, 1
3 1 2

2 1( ) 1 ( , ) ( , ) ( , )
3 5 15

rv cent r e e e                      
 

12
2 2,

3 2,2
1

2( ) ( ) ( , )
3

m
m

m

rv cent r v cent e
R

    


    

 
“coefficients of the lineared centrifugal potential” 

 
2 2 2

2,1 2,0 1 2, 1 2( ) , ( ) , ( )
15 15 15

R R Rv cent v cent v cent               
 

End of Example 2.2: Linearized centrifugal potential 
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Example 2.3: Love-Shida hypothesis, homogeneous spherical shell presented vis-

coelastic Earth model in the time domain (Earth radius R) 
 

 2, 2 2, 2, 2,
0

2 2, 2, 2,
0

2 2, 2, 2,

( ) 1 ( , ) ( ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )(

t

m m R m

t

m R m

m R m

t k load elastic u load k load t t u load t dt

k tidal elastic u tid t k tid t t u tid t dt

k cent elastic u cent t k cent t t u cent t

  

 

 

     

    

    





0
)

t

t dt

 

 
“ 2k  (elastic) as a dimensionless constant: instantaneous reaction to the action of 

the excitation function” 
 

“ 2 , ( )Rk t t   is a Love viscoelastic kernel function on the terrestrial sphere 2S  of 
dimension 1/time. For a R homogeneous spherical shell viscoelastic Earth model, 
the Love kernel function 2 , ( )Rk t t   can be represented by 
 

 2, 1 exp( )J
R j jjk k s t


       

 
J  is the number of nodal points (“Nullstellen”) of the secular determinant of the 

Laplace transformed gravitoviscoelastic field equations?” 

 “Fluid Love number” 

The fluid Love number 2 , fk  of degree 2 is achieved when we set the excitation 
function as a constant and if we go to the limit t. In this way the model Earth 
has time to relax to the constant excitation. 
 

2, 2 2,
0

2
10

2
1

: ( ) lim ( )

( ) lim exp ( )

( )

t

f Rt

t J

j jt j

J
j

jj

k k elastic k t t dt

k elastic k s t t dt

k
k elastic

s



 



    

       

 







 

 
End of Example 2.3: Love-Shida 
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Example 2.4: Parameter of an Earth model with 5 interfaces radius density shear 
modulus dynamic viscosity 

 
Radius  

(m) 
Density 
 (kg/m2) 

Shear modulus 
(kg/ms2) 

Dynamic viscosity 
(kg/ms2) 

0000000.0    
 10932.0 0.0000×10+00 0.0000×10+00 

3480000.0    
 4878.0 0.2190×10+12 0.1000×10+22 

5701000.0    
 3857.0 0.1060×10+12 0.1000×10+22 

5951000.0    
 3434.0 0.7270×10+11 0.1000×10+22 

6250000.0    
 3184.0 0.6020×10+11 0.1000×10+25 

6371000.0    
 

End of Example 2.4: Interfaces 
 
 
Example 2.5: Nodal points of the secular equation number relaxiation time inverse 

relaxiation time 
 

number Relaxiation time 
(year) 

Inverse relaxiation time 
(1/Jid) 

1 250.9310 -0.3985×10+01 
2 282.2692 -0.3542×10+01 
3 352.8929 -0.2833×10+01 
4 402.8933 -0.2482×10+01 
5 494.2672 -0.2023×10+01 
6 2224.9892 -0.4494×10+00 
7 9083.7657 -0.1100×10+00 
8 530740.5736 -0.1884×10-02 
9 708982.2371 -0.1410×10-02 

10 28063129.4519 -0.3563×10-04 
11 592709956.3718 -0.1687×10-05 

 
End of Example 2.5: Nodal points of the secular equation 
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Example 2.6: Load and Love number: components of various frequencies Load 
number Love number 

 

number 

Love number 
K2,el(load) 

0.3050×10+00 
K2,R(load) 

Love number 
K2,el(tide, cent) 
0.3050×10+00 
K2,R(tide,cent) 

1 -0.1155×10+00 -0.1897×10+00 
2 -0.9956×10-01 -0.1136×10+00 
3 -0.2743×10+00 -0.3671×10+00 
4 -0.7762×10-01 -0.8120×10-01 
5 -0.3350×10+00 -0.4265×10+00 
6 -0.1409×10+00 -0.8122×10-01 
7 -0.2190×10-03 -0.8207×10-03 
8 -0.2396×10-05 -0.2261×10-04 
9 -0.1077×10-03 -0.1524×10-04 
10 -0.2219×10-06 -0.1124×10-07 
11 -0.5612×10-08 -0.1123×10-09 

 
End of Example 2.6: Load and Love number 

 
 

Example 2.7: Incremental inertia tensor generated by the incremental centrifugal 
potential (generalized Mc Cullagh representation:  

J. Geodesy 74(2000), 519-530) 
 

2
gm

R   

 
3

1,3 2,1

2 5 2 5

2 1 2 1
0

51 :
3

( , ) ( ) ( , ) ( )
3 3

t

Rst j u
g

R Rk cent elastic x t k t t cent x t dt
g g

 

 

  

    
 

 
3

3,3 2, 1

2 5 2 5

2 2 2 2
0

52 :
3

( , ) ( ) ( , ) ( )
3 3

t

Rnd j u
g

R Rk cent elastic x t k t t cent x t dt
g g

 

 

 

    
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3

3,3 2,0

2 5 2 5

2 3 2 3
0

2 53 :
3

4 4( , ) ( ) ( , ) ( )
9 9

t

Rrd j u
g

R Rk cent elastic x t k t t cent x t dt
g g

 

 

 

    
 

 
End of Example 2.7: incremental centrifugal potential 

 
 
Example 2.8: Time derivative of the incremental inertia tensor generated by the in-

cremental centrifugal potential 
 

“3 terms” 
 

2 5

2 1 2, 1 2 11,3
0

1 : ( , ) ( ) (0, ) ( ) ( , ) ( )
3

t

R
Rst j k cent elastic x t k cent x t k t t cent x t dt
g


         

  
 

 
 

2 5

2 2 2, 2 2 22,3
0

2 : ( , ) ( ) (0, ) ( ) ( , ) ( )
3

t

R
Rnd j k cent elastic x t k cent x t k t t cent x t dt
g


         

  
 

 
 

2 5

2 3 2, 3 2 33,3
0

43 : ( , ) ( ) (0, ) ( ) ( , ) ( )
9

t

R
Rrd j k cent elastic x t k cent x t k t t cent x t dt

g


         
  

 
 

 
 (R. P. Kanwal: Linear integral equation, Academic Press, New York — 1971 page 

265, formula (2)) 
 

( )

( )
( , ) ( , ) { , ( )} { , ( )}

B t B

A t A

d f dB dAf t t dt t t dt f t B t f t A t
dt t dt dt

     
   

 
End of Example 2.8: Time derivative of the incremental centrifugal potential 

 
 
2.3 Liouville perturbation theory: system equations in the time and in the 

Laplace-Fourier domain 
 
The Liouville perturbation theory of the Euler dynamical equations of angular mo-
mentum of the Earth considered as a deformable body leads to a first order inhomo-
geneous system of integro-differential equations, which are classified in terms of 
system theory. With respect to a viscoelastic Earth model of homogeneous spherical 
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shells the spectrum of the Liouville operator is analyzed. Following a proposal of M. 
Schneider (Proc. Bundesamt für Kartographie and Geodaesie 5, pp. 28-33, Frankfurt 
1999) the first order system is differentiated to a second order system and being al-
ternatively classified as a second order inhomogeneous system of integro-differential 
equations. It leads to the interpretation that the characteristic equations of Polar Mo-
tion represent an excited coupled, damped approximately elliptic oscillator while the 
characteristic equation of Length-of Day variation documents an excited, damped 
non-periodic motion. Solutions are represented both in the Laplace domain as well 
as in the Fourier domain. New solutions are presented in the dynamical waveled 
domain as well as in the fractal domain, tentatively. 

It is one of the first contributions in applying techniques of System Dynamics when 
M. Schneider (1999) presented his variational equations for the study of Polar Mo-
tion: He moved the excitation functions of the relative angular momentum, namely 
the tidal effect, the leading terms and the core-mantle coupling, for instance, to the 
right side of the balance equations of angular momentum. They are effecting in line 
with the incremental torques the balance in a mathematical portray: they are called 
“inhomogeneous part”. We describe the basic equations in Table 2.3 up to Table 2.4 
in terms of balance of momentum of momentum, namely angular momentum, for 
Polar Motion and Length-of-Day variation. 

In detail, Table 2.4 refers to the inergro-differential equations of type X Ax   
( )f x b   of Polar Motion. As proposed by M. Schneider the first order differen-

tial equations were transformed into a system of second order differential equations. 
We identify in terms of a second order differential equations Polar Motion equations 

2
12( ) ( )X F A x Af f Ab b       ,  

 
as an excited damped approximately elliptic harmonic oscillator 

 
In contrast, we analyze in the time domain the intergro-differential equation 

3 33 3 3 3( )x a x f x b     for Length of Day variation. The retarded system equation of 
first order are transformed to a system of second order 2

3 3 3 33 3 3( )x a x a f f    
33 3 3a b b  , interpreted as an excited, damped, non-periodic 

 
function due to a33 > 0 . 

 
At this end, we list some books on System Dynamics, for instance A. M. O. Almeida 
(1988), M. W. Hirsch and S. Smale (1974) and L. Perko (1996). 
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Table 2.3: Principle of Balance of momentum (angular momentum) in a quasi-
body fixed frame of reference-polar motion equations in the time domain 

 
“1st polar motion equation” 

 
2 5 2 5

2 1 2, 1 2 1
0

2 5 2 5

2 2 2, 2
0

( , ) (0, ) ( , ) ( )
3 3

( , ) ( , ) ( )
3 3

( , , . . ., , , )

t

R

t

R

R RA k cent elastic x k cent x k t t cent x t dt
g g

R RC B k cent elastic x k t t cent x t dt
g g

f incr torque rel ang mom tide load stress

 

 

        
 

          
 









 
 

“2nd polar motion equation” 
 

2 5 2 5
2 2 2, 1 2 2

0

2 5 2 5
2 1 2, 1

0

( , ) (0, ) ( , ) ( )
3 3

( , ) ( , ) ( )
3 3

( , , . . ., , , )

t

R

t

R

R RB k cent elastic x k cent x k t t cent x t dt
g g

R RA C k cent elastic x k t t cent x t dt
g g

g incr torque rel ang mom tide load stress

 

 

         

           








 

 
End of Table 2.3: Angular momentum, polar motion 

 
 

Table 2.4: Polar motion equations in the time domain 
 
“system of intergrow-differential equations of first order evolutionary equations” 

 
2 5 2 5

2 2 2, 1 2 1
0

1 2 5

2

( , ) (0, ) ( , ) ( )
3 3

1 :
( , )

3

t

R
R R

B C k cent elastic x k cent x k t t cent x t dt f
g g

st x
RA k cent elastic
g

 




           
   

 
  

 
2 5 2 5

2 1 2, 2 2 2
0

2 2 5

2

( , ) (0, ) ( , ) ( )
3 3

2 :
( , )

3

t

R
R RA C k cent elastic x k cent x k t t cent x t dt g
g g

nd x
RB k cent elastic
g

 



          
 

 
 

 

 

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( )x Ax f x b    
 

12 5 2 5

1,1 2 2,( , ) (0, )
3 3 R

R Ra A k cent elastic k cent
g g

 


 
   

 
 

 
12 5 2 5

1,2 2 2( , ) ( , )
3 3

R Ra A k cent elastic B C k cent elastic
g g

 


   
       

   
 

 
12 5 2 5

2,1 2 2( , ) ( , )
3 3

R Ra B k cent elastic A C k cent elastic
g g

 


   
       

   
 

 
12 5 2 5

2,2 2 2,( , ) (0, )
3 3 R

R Ra B k cent elastic k cent
g g

 


 
   

 
 

 
12 5

1 2 2 1
0

( ) ( , ) ( , ) ( )
3

tRf x A k cent elastic k t t cent x t dt
g




        
 

   

 
12 5

2 2 2 2
0

( ) ( , ) ( , ) ( )
3

tRf x B k cent elastic k t t cent x t dt
g




        
 

   

 
12 5

1 2: ( , )
3

Rb A k cent elastic f
g




 
  
 

 ,   
12 5

2 2: ( , )
3

Rb B k cent elastic g
g




 
  
 

 

 
1 1

2 2

( )
: ( ), :

( )
f x b

f x b
f x b

          
 

 
“the eigenvalues of the matrix A” 

 
1,1 1,2

2 1,1 2,2 1,2 1,1
2,1 2,2

0 0 ( )( ) 0
a a

A I a a a a
a a


  




         


 

2 2
1,1 2,2 1,1 2,2 1,2 2,1( ) 0 det 0a a a a a a trA A              

2
1,2

1 1( ) ( ) 4det
2 2

A trA trA A     

 
“1st invariant” 
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12 5 2 5

1,1 2,2 2 2,

12 5 2 5

2 2,

( , ) (0, )
3 3

( , ) (0, )
3 3

R

R

R RtrA a a A k cent elastic k cent
g g

R RB k cent elastic k cent
g g

 

 





 
      

 

 
  
 

 

 
“ 2nd invariant” 

 
1 12 5 2 5

1,2 2,1 1,1 2,2 2 2

2 5 2 5

2 2

12 5 2 5

2

det ( , ) ( , )
3 3

( , ) ( , )
3 3

( , )
3 3

R RA a a a a A k cent elastic B k cent elastic
g g

R RB C k cent elastic A C k cent elastic
g g

R RA k cent elastic B k
g g

 

  

 

 



   
          

   
   

        
   

 
   
 

1 2 5

2 2,( , ) (0, )
3 R

Rcent elastic k cent
g




 
 
 

 

 
“special case: 1,1 2,2 1,2 2,10, 0, ,a a A B a a     ” 

 
12 5 2 5

1,2 2 2( ) det ( , ) ( , )
3 3

R RA A A k cent elastic A C k cent elastic
g g

  


   
         

   
 

 
End of Table 2.4: Polar motion, time domain 

 
 

Table 2.5: Polar motion equations in the time domain of type second order 
 

“system of intergro-differential equations of second order” 
 

( )x Ax f x b    
 

( ( ) )x Ax f b A Ax f x b f b             
 

2 ( )x A x A f f Ab b       
 

2 ( )x A x Af f Ab b       
 

“special case: 1,1 2,2 1,2 2,10, 0, ,a a A B a a     ” 
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2
12 21 122

2
12 21 12

0 0
0 0

a a a
A

a a a
        

   
  

2 22 5 2 5
2

1,2 1,2 2 2( ) ( , ) ( , )
3 3

R RA a A k cent elastic A C k cent elastic
g g

  


      
         

   


 “excited circular harmonic oscillator” 
“general case: a1,1 ≠ 0, a2,2 ≠ 0, A ≠ B, a1,2 ≠ -a2,1” 

 
1 2    

 
 

“excited elliptic harmonic oscillator” 
 

12 5
1 2 2 1

0
( ) ( , ) ( , ) ( )

3

tRf x A k cent elastic k t t cent x t dt
g

 
             

 
12 5

2 2 2 2
0

( ) ( , ) ( , ) ( )
3

tRf x B k cent elastic k t t cent x t dt
g

 
             

 
1 1,1 1 1,2

2 2,2 2 2,2

( )

( )

f x f x f

f x f x f

 

 

 

 

  
12 5

1,1 2 2( ) ( , ) (0, )
3

Rf x A k cent elastic k cent
g

 
     



 
 

12 5
1,2 2 2 1

0
( ) ( , ) ( , ) ( )

3

tRf x A k cent elastic k t t cent x t dt
g

 
           

 
 

12 5
2,2 2 2( ) ( , ) (0, )

3
Rf x B k cent elastic k cent
g

 
     



 
 

12 5
2,2 2 2 1

0
( ) ( , ) ( , ) ( )

3

tRf x B k cent elastic k t t cent x t dt
g

 
           
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“system equations: system of integro differential equations of second order” 
 

2( ) ( )x F A x A f f Ab b        

1,1

2,2

0
:

0
f

F
f

 
  
 

 
 

“excited nonlinear damped harmonic oscillator”  
End of Table 2.5: Polar motion, time domain 

 
 

Table 2.6: Principle of balance of Moment of Momentum (Angular Momentum) in a 
quasi-body fixed in frame if reference equation of Length of Day variation in the time 

domain 
 

“intergro-differential equations of first order” 
 
 

2 5 2 5
2 3 2, 3

2 5
2 3 2, 3

0 0

4 4( , ) (0, )
9 9

4( , ) ( ) ( , ) ( )
9

( . , . . ., , , )

R

t t

R

R RC k cent elastic x k cent x
g g

Rk t t cent x t dt k t t cent x t dt
g

h incr torque rel ang mom tide load stress

 



     

         



 



  

 
“system of equations” 

 
3 3,3 3 3 3 3( )x a x f x b    

 
12 5 2 5

3,3 2 2, 3
4 4: ( , ) (0, )
9 9 R

R Ra C k cent elastic k cent x
g g

 
    

 

 
12 5

3 3 2 2 3
0

4( ) : ( , ) ( , ) ( )
9

tRf x C k cent elastic k t t cent x t dt
g

 
            

 
12 5

3 2
4: ( , )
9

Rb C k cent elastic h
g

 
    

 

 
End of Table 2.6: Length of Day variation, time domain 



The Global World of A. Dermanis and an attempt to use System Dynamics for the analysis  
of Polar Motion (POM) and Length of Day Variations (LOD) 

21
 

 
Table 2.7: Length of Day variation in the time domain 

 
“intergro-differential equations of second order” 

 
3 3,3 3 3 3 3( )x a x f x b     

3 3,3 3 3 3 3,3 3,3 3 3 3 3 3( )x a x f b a a x f b f b              
 “system equation” 

 
2

3 3 3,3 3 3 3,3 3 33,3 ( )x a x a f f a b b       
 

12 5
3 3 2 2 3

0

4( ) : ( , ) ( , ) ( )
9

tRf x C k cent elastic k t t cent x t dt
g

 
          

 
 

12 5
3 3 2 2 3 2 3

0

4( ) : ( , ) ( , ) ( ) (0, ) ( )
9

tRf x C k cent elastic k t t cent x t dt k cent x t
g

                
  

 
12 5

3 3 2 2 3

12 5
2 2 3

0

4( ) : ( , ) (0, ) ( )
9

4 ( , ) ( , ) ( )
9

t

Rf x C k cent elastic k cent x t
g

RC k cent elastic k t t cent x t dt
g









     

         

 

  

3 3,3 3,1 3,2f a f f   

 
 12 5

3,1 2 2 3

12 5
3,2 2 2 3

0

4: ( , ) (0, ) ( )
9

4: ( , ) ( , ) ( )
9

t

Rf C k cent elastic k cent x t
g

Rf C k cent elastic k t t cent x t dt
g









    

         

 

   

 
“system equation: intergro-differential equations of second order” 

 
2

3 3,1 3 3,3 3 3,2 3,3 3 33,3( ) ( )x f a x a f f a b b        
 

End of Table 2.7: Length of Day variation, second order differential 
 
At this end, we intend to illustrate the solutions of the differential equations of second 
order for Polar motion (POM) and Length of Day (LOD). They generate 
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Figure 2.3: POM 
 

 
 

 
 

End of Figure 2.3: POM 
 
 

Figure 2.4: Excited damped, non-periodic motion of LOD 
 

 
 

End of Figure 2.4: LOD 
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2.4 Laplace - and Fourier transformed incremental angular momentum 

balance 
 
The balance equations of angular momentum are new transformed by two different 
kinds to the phase space. Therefore, we apply first the Laplace transformed, second 
the Fourier transformed. While the Laplace transform predicts starting form an ini-
tial time epoch 0t  , the time behavior at another time epoch ot t . In contrast, the 
Fourier transformation applies from a time epoch    to a time epoch   . This 
different behavior assumes that the initial state at 0t   in the concept of Laplace 
transformation has to be known. Therefore we have to guess the initial push or jump 
in the rotational motion in applying the Laplace transformation. When we apply the 
Fourier transform the information is not necessary, we do not need information 
about the history of the rotational motion, but we have live with reliable information 
of our model. We review therefore by Table 2.8 the Laplace transform and Table 2.4 
the Fourier transform for the incremental angular momentum 
 

Table 2.8: Laplace transformed incremental angular momentum 
 

2
1 1,3 2 2,3 1 2 1

2
2 2,3 1 1,3 2 1 2

3 3,3 3 3

( )
( )

As x s j C B x j s L L x
Bs x s j A C x j s L L x

Cs x s j s L x

       
       

  

        
            
       

    
    

 

  
3 3

1 2 2,1 2 2,1
5 5(1 ( )) ( ) ( ) ( )
3 9 3 9

R Rx s k load u load s k tid u tid       
     

3 2 5
2 2,1 2 1 1

5 ( ) ( ) ( )
3 3

R s Rs k str u str k cent y Asx
g g

    
     

3
2

2 2 2, 1
5( ) (1 ( )) ( )
3

RC B x k load u load
g

       
   

3 3
2 2

2 2, 1 2 2, 1
5 5( ) ( ) ( ) ( )
3 3

R Rk tid u tid k str u str
g g

      
    

3 5
2 2 1 2( )

3
R k cent x s L L
g

    
    

 
3 3

2 2 2, 1 2 2, 1
5 5(1 ( )) ( ) ( ) ( )
3 3

R Rx s k load u load s k tid u tid
g g

        
     

3 2 5
2 2, 1 2 2 2

5 ( ) ( ) ( )
3 3

R s Rs k str u str k cent y Bsx
g g

     
     

3
2

1 2 2,1
5( ) (1 ( )) ( )
3

RA C x k load u load
g

      
   
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3 3
2 2

2 2, 1 2 2, 1
5 5( ) ( ) ( ) ( )
3 3

R Rk tid u tid k str u str
g g

      
    

3 5
2 1 2 1( )

3
R k cent x s L L
g

    
    

 
3 3

3 2 2,0 2 2,0
2 5 2 5(1 ( )) ( ) ( ) ( )

3 3
R Rx s k load u load s k tid u tid
g g

       
     

3 5
2

2 2,0 2 3 3 3
2 5 4( ) ( ) ( )

3 9
R Rs k str u str s k cent y Csx s L
g g

     
      

 
End of Table 2.8: Laplace transformed incremental angular momentum 

 
 

Table 2.9: Fourier transformed incremental angular momentum 
 

2
1 3 1,3 3 2 2,3 1 3 2 13

2
2 3 2,3 3 1 1,3 2 3 1 23

3 3 3,3 3 3

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

A i x i j C B x j i L L x
B i x i j A C x j i L L x

C i x i j i L x

          
          

     

        
            
       

    
    

 
 

 
3 3

1 2 2,1 2 2,1
5 5( ) (1 ( )) ( ) ( ) ( ) ( )
3 3

R Rx i k load u load i k tid u tid
g g

            

 

3 2 5
2 2,1 2 1 1

5 ( )( ) ( ) ( ) ( ) ( )
3 3

R i Ri k str u str k cent y A i x
g g

          

 

3
2

2 2 2, 1
5( ) (1 ( )) ( )
3

RC B x k load u load
g

        

 

3 3
2 2

2 2, 1 2 2, 1
5 5( ) ( ) ( ) ( )
3 3

R Rk tid u tid k str u str
g g

        

 

3 5
2 2 1 2( )

3
R k cent x s L L
g

      

 

 
3 3

2 2 2, 1 2 2, 1
5 5( ) (1 ( )) ( ) ( ) ( ) ( )
3 3

R Rx i k load u load i k tid u tid
g g

             

3 2 5
2 2, 1 2 2 2

5 ( )( ) ( ) ( ) ( ) ( )
3 3

R i Ri k str u str k cent y B i x
g g

          

 

3
2

1 2 2,1
5( ) (1 ( )) ( )
3

RA C x k load u load
g

       

 

3 3
2 2

2 2, 1 2 2, 1
5 5( ) ( ) ( ) ( )
3 3

R Rk tid u tid k str u str
g g

        
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3 5
2 1 2 1( )

3
R k cent x s L L
g

      

 

 
3 3

3 2 2,0 2 2,0
2 5 2 5( ) (1 ( )) ( ) ( ) ( ) ( )

3 3
R Rx i k load u load i k tid u tid
g g

            

3 5
2

2 2,0 2 3 3 3
2 5 4( ) ( ) ( ) ( ) ( ) ( ) ( )

3 9
R Ri k str u str i k cent y C i x i L
g g

                

 
End of Table 2.9: Fourier transformed incremental angular momentum 

 
By means of Table 2.8: Laplace transform and Table 2.9: Fourier transform we char-
acterize in inversion process of the incremental angular momentum equations: 
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Table 2.10: Laplace Transformed incremental angular momentum 

 
 

1st: Polar Motion 
 

“solution to the inhomogeneous equation” 
 

2 5 2 5
2 2

1

2 5 2 5 2
2 2

( ( )) ( ( ))
3 3

( ( )) ( ( ))
3 3

R Rs A k cent C B k cent
xg g
xR RA C k cent s B k cent

g g

 

 

 
           

   
 

 

 

 

 
1 1 2

3
2 2,1 2 2,1 2 2,1 2 2, 1 2 2, 1 2 2, 1

2 2 1

3

5 ( (1 ( )) ( ) ( ) ( ) ( ) ( ) (1 ( )) ( ) ( ) ( ) ( ) ( )
3 3

5 ( (1
3 3

m s L L

R s k load v load sk tid v tid sk str v str k load v load k tid v tid k str v str
g

m s L L

R s
g

 

         

 



  

  

         


  

 

 

          

 


2 2, 1 2 2, 1 2 2, 1 2 2,1 2 2,1 2 2,1( )) ( ) ( ) ( ) ( ) ( ) (1 ( )) ( ) ( ) ( ) ( ) ( )k load v load sk tid v tid sk str v str k load v load k tid v tid k str v str          

 
 
 
 
 
 
 
         

         

 

 
 

2 5 2 5
2 2

1
2 5 2 5 2 5 2 5 2 5 2 52 2 2

2 2 2 2 2 2

( ( )) ( ( ))
3 31

( ( ))( ( )) ( ( ))( ( )) ( ( )) ( ( ))3 3 3 3 3 3

R Rs B k cent C B k cent
x g g
x R R R R R Rs A k cent B k cent A C k cent C B k cent A C k cent s A k centg g g g g g

 

      

 
                        

 

 


     
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2,1

2,1
3 2 2 2 2 2 21 1 2

2 2 1 2 2 2 2 2 2

( )
(

(1 ( )) ( ) ( ) (1 ( )) ( ) ( )5
3 (1 ( )) ( ) ( ) (1 ( )) ( ) ( )

v load
v

s k load sk tid sk str k cent k tid k strm s L L R
gm s L L k load k tid k str s k cent sk tid sk str




   


    

       
          




      
       

2,1

2, 1

2, 1

2, 1

)
( )
( )

(
( )

tid
v str

v load
v tid
v str












   
   
   
   
  
  
  
  
   






 

 
2nd: length-of-day variation 

“solution to the inhomogeneous equation” 
 

3
3 2 2,0 2 2,0 2 2,0 3

3 2 5
2

2 5 (1 ( )) ( ) ( ) ( ) ( ) ( )
3

4( ( ))
9

Rm s k load v load sk tid v tid sk str v str L
gx

Rs C k cent
g

     



       




      
 

 

 
 

End of Table 2.10: Laplace Transformed incremental angular momentum 
  



28 Erik Grafarend 
 

Table 2.11: Fourier Transformed incremental angular momentum 
 

 
1st: Polar Motion 

 
“solution to the inhomogeneous equation” 

 
 

2 5 2 5
2 2

1

2 5 2 5 2
2 2

( )( ( )) ( ( ))
3 3

( ( )) ( )( ( ))
3 3

R Ri A k cent C B k cent
xg g
xR RA C k cent i B k cent

g g

  

  

 
           

   
 

 

 

 

 
1 1 2

3
2 2,1 2 2,1 2 2,1 2 2, 1 2 2, 1 2 2, 1

2 2 1

3

5 ( )(1 ( )) ( ) ( ) ( ) ( ) ( ) ( ) ( ) (1 ( )) ( ) ( ) ( ) ( ) ( )
3 3

5
3

m s L L

R i k load v load i k tid v tid i k str v str k load v load k tid v tid k str v str
g

m s L L

R

 

            

 



  

  

         


  



 

          

 

2 2, 1 2 2, 1 2 2, 1 2 2,1 2 2,1 2 2,1( )(1 ( )) ( ) ( ) ( ) ( ) ( ) ( ) ( ) (1 ( )) ( ) ( ) ( ) ( ) ( )
3

i k load v load i k tid v tid i k str v str k load v load k tid v tid k str v str
g

             

 
 
 
 
 
 
 
          

          
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2 5 2 5
2 2

1
2 5 2 5 2 5 2 5 2 5 2 52 2 2

2 2 2 2 2 2

( )( ( )) ( ( ))
3 32

( ) ( ( ))( ( )) ( ( ))( ( )) ( ( )) ( )( ( ))3 3 3 3 3 3

R Ri B k cent C B k centx g g
x R R R R R Ri A k cent B k cent A C k cent C B k cent A C k cent i A k centg g g g g g

  

        


                   



 

      








 

 

3 2 2 2 2 2 21 1 2

2 2 1 2 2 2 2 2 2

( )(1 ( )) ( ) ( ) ( ) ( ) (1 ( )) ( ) ( )( ) 5
3( ) (1 ( )) ( ) ( ) ( )(1 ( )) ( ) ( ) ( ) ( )

i k load i k tid i k str k cent k tid k strm i L L R
gm i L L k load k tid k str i k cent i k tid i k str

       


        

       
      

      
       

2,1

2,1

2,1

2, 1

2, 1

2, 1

( )
( )
( )
( )

(
( )

v load
v tid
v str

v load
v tid
v str















   
   
   

   
    

   
  
  
   








 

2nd: length-of-day variation 

“solution to the inhomogeneous equation” 
3

3 2 2,0 2 2,0 2 2,0 3

3 2 5
2

2 5 ( )(1 ( )) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3

4( )( ( ))
9

Rm i k load v load i k tid v tid i k str v str L
gx

Ri C k cent
g

        



       




      




 

 
End of Table 2.11: Fourier Transformed incremental angular momentum 
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Before we study in detail the Chander wobble in the next section, we determine the 
Zero determinant of the two polar motion components for the resonance oscillation. 
 

Table 2.12: Chander wobble resonance 
 

2 5
2

2 5
2

3 ( ) ( )
3 ( )

g A C k cent RS
Ag k cent R




 



 

 
End of Table 2.12: Chander wobble resonance 

 
The backward transformation is illustrated here only for the load potential excitation 
due to J. Engels (2006). A typical example for the analysis of Polar Motion is finally 
given by H. Schuh, S. Nagel and T. Seitz (2001). 
 
Table 2.13: Laplace forward and backward transformation (J. Engels 1998) for Po-

lar Motion 
 

 “forward transformation” 
 

~ 1( )(0) 2
2, 12

1

30: ( j V load
o E

jjE

Am A C R
s aR 


 
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 “backward transformation” 
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2, 1 2, 12 2

1 0
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m t A R C t R A a t t C t dt
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       

 
Special Case: Heaviside load: 
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End of Table 2.13: Laplace forward and backward transformation 
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Table 2.14: Laplace backward transformation — into ( , vm m ) for Polar 
Motion (J. Engels 1998) 
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End of Table 2.14: Linear drift and periodic variations observed in any time series 
of polar motion, H. Schuh, S. Nagel and T. Seitz (2001) J of Geodesy 74 (2001) 

701-710 
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Figure 2.5: Linear drift and periodic variations observed in any time series of polar 
motion, H. Schuh, S. Nagel and T. Seitz (2001) J of Geodesy 74 (2001) 701-710 
 

 
 

 
3. Summary 

 
At first, we heigh lighted the basic work of A. Dermanis with respect to Geodetic 
Reference Frames starting with his Ph.D. Thesis on VLBI. His deformation analysis 
paved the way for characteristics like dilatation, shear, rotation and energy of central 
importance, namely Frame Invariance and Parameter Estimability of key importance 
for up-to-date Geodesy in his work on transformation parameters between various 
geodetic frames. We embed our own work, which relates to him. 

Second, we present to you nearly our System Theory of polar Motion (POM) and 
Length of Day Variations (LOD). In case of two identical eigenvalues of the Inertia 
Tensor we proved: 
 

Polar Motion is generating an excited circular harmonic oscillator. 
 
This result has to generalized for the general case of three different eigenvalues of 
the second order inertia tensor: 
 

Polar Motion is generated by an excited elliptic harmonic oscillator. 
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In contrast, Length of Day Variations (LOD) are best described by: 
 

Excited damped un harmonics (non-periodic) motion. 
 
We have a technique for analysis pioneered by M. Schneider (1999) who differenti-
ated first order system equations second order differential equations. They can be 
more easily been solved. For the interpretation of the various system equations for 
POM and LOD we finished our short review with Laplace and Fourier transformed 
incremental angular momentum balance. Damped or alternatively periodic ones are 
perfectly described. 
 
 
Reference 
 
Altamimi, Z. & A. Dermanis (2009): The Choice of Reference System in ITRF Formulation. 

In: N. Sneeuw et al. (eds.), VII Hotine-Marussi Symposium on Mathematical Geodesy, 
International Association of Geodesy, Symposia 137, pp. 329-334, Springer, Berlin. 

Baur, O. Sneeuw, N. and Grafarend, E. (2008): Methodology and use of tensor invariants for 
stallite gravity gradiometry, J.of Geodesy 82 (2008) 279-293 

Cai, J. and Grafarend, E. (2007): Statistical analysis of geodetic deformation (strain rate) 
derived from the spacr geodetic measurements of the Bifrost Project in Fennoseandia, J. 
of Geodynamics 43 (2007)295-299 

Cerveira, P. J. M., Weber, R. and Schuh, H. (2007): The instanteneous Earth rotation-still 
inecebsible? Vermessung und Geoinformation (2007) 113-120 

Dermanis, A. (1977): Design of Experiment for Earth Rotation and Baseline Parameter De-
termination from Very Long Baseline Interferometry. Report No. 245, Department of 
Geodetic Science, The Ohio State University. 

Dermanis, A. and I.I. Mueller (1978): Earth Rotation and Network Geometry Optimization 
for Very Long Baseline Interferometry. Bulletin Geodesique, vol. 52, no. 2, pp. 131-158. 

Dermanis, A. and I.I. Mueller (1978): Earth Rotation and Network Geometry Optimization 
for Very Long Baseline Interferometry. In: F. Halmos & J. Somogyi (eds.),” Optimization 
of Design and Computation of Control Networks”, Akademiai Kiado, Budapest, pp. 67-
93. 

Dermanis, A. (1980): VLBI: Principles and Geodynamic Prospectives. Quaterniones Ge-
odaesiae, vol. 1, no. 3, pp. 213-230. 

Dermanis, A. and E. Grafarend (1981): Estimability Analysis of Geodetic, Astrometric and 
Geodynamical Quantities in Very Long Baseline Interferometry. Geophysical Journal of 
the Royal Astronomical Society, vol. 64, pp. 31-56. Honorary Volume for the 90th birth-
day of Sir Harold Jeffreys. 

Dermanis, A. and E. Livieratos (1982): Dilatation, Shear, Rotation and Energy Analysis of 
Map Projections. 8th Hotine Symposium on Mathematical Geodesy, Sept. 1981, Como, 
Italy. Bollettino di Geodesia e Scienze Affini, vol. 42, no. 1, 53-68. 

Dermanis, A. and E. Livieratos (1983): Applications of Deformation Analysis in Geodesy 
and Geodynamics. Reviews of Geophysics and Space Physics, 21, 1, 41-50. 

Dermanis, A., E. Livieratos, I. Paraschakis (1983): Applications of Strain Criteria in Cartog-
raphy. Bulletin Geodesique, 57, 215-225. 



34 Erik Grafarend 
 

Dermanis, A., E. Livieratos, S. Pertsinidou (1983): Deformation Analysis of Geoid to Ellip-
soid Mappings. Quaterniones Geodaesiae, 4, 3, 225-240. 

Dermanis, A. and E. Livieratos (1984): Deformation Analysis of Isoparametric Telluroid 
Mappings. Bollettino di Geodesia e Scienze Affni, XLIII, 4, 301-312. 

Dermanis, A., and E.W. Grafarend (1992): The Finite Element Approach to the Geodetic 
Computation of Two- and Three-dimensional Deformation Parameters: A Study of Frame 
Invariance and Parameter Estimability. Proceedings International Conference ”Cartog-
raphy-Geodesy”, 5th Centenary of the Americas: 1492-1992, Maracaibo, Venezuela. 

Dermanis, A., (2000): Establishing Global Reference Frames. Nonlinear, Temporal, Geo-
physical and Stochastic Aspects. Invited paper presented at the IAG Inter. Symp. Ban, 
Alberta, Canada, July 31-Aug. 4, 2000. In: M.G. Sideris, ed. Gravity, Geoid and Geody-
namics 2000, IAG Symposia vol. 123, p. 35-42, Springer, Berlin 2002. 

Dermanis, A. (2001): Global Reference Frames: Connecting Observation to Theory and Ge-
odesy to Geophysics. IAG 2001 Scientific Assembly Vistas for Geodesy in the New 
Milennium 2-8 Sept. 2001, Budapest, Hungary. 

Dermanis, A., 2003: On the maintenance of a proper reference frame for VLBI and GPS 
global networks. In: E. Grafarend, F.W. Krumm, V.S. Volker (Eds.), 2003: Geodesy - the 
Challenge of the 3rd Millennium, pp. 61-68, Springer Verlag, Heidelberg. 

Dermanis, A. (2003): The rank deficiency in estimation theory and the definition of reference 
frames. In: Sans, F. (ed.), 2003: V Hotine-Marussi Symposium on Mathematical Geod-
esy, Matera, Italy June 17-21, 2003. International Association of Geodesy Symposia, Vol. 
127, pp. 145-156. Springer Verlag, Heidelberg. 

Dermanis, A. (2003): Some remarks on the description of earth rotation according to the IAU 
2000 resolutions. From Stars to Earth and Culture. In honor of the memory of Professor 
Alexandros Tsioumis, pp. 280-291. School of Rural & Surveying Engineering, The Aris-
totle University of Thessaloniki. 

Dermanis A. and C. Kotsakis (2005): Estimating crustal deformation parameters from geo-
detic data: Review of existing methodologies, open problems and new challenges. In: F. 
Sanso & A.J. Gil (Eds.), 2006, Geodetic deformation monitoring: from geophysical to 
geodetic roles, IAG Symposia, Vol. 131, pp. 7-18, Springer, Berlin, 2006. (Invited 
presentation at the International Symposium on Geodetic deformation monitoring: from 
geophysical to geodetic roles, March 17-19, 2005, Jaen, Spain.) 

Dermanis, A. (2005): Compatibility of the IERS earth rotation representation and its relation 
to the NRO conditions. Proceedings, Journes 2005 Systmes de Rfrence Spatio-Temporels 
Earth dynamics and reference systems: Five years after the adoption of the IAU 2000 
Resolutions, Warsaw, 19-21 September 2005, pp. 109-112. 

Dermanis, A. and D. Tsoulis (2006): Computation of Earth Rotation Parameters Consistent 
with the IERS Earth Rotation Representation. International Symposium ”Geodetic Ref-
erence Frames 2006”, Munich, October 9-13, 2006. 

Dermanis, A. and D. Tsoulis (2007): Numerical evidence for the inconsistent separation of 
the ITRF-ICRF transformation into precession-nutation, diurnal rotation and polar mo-
tion. Presented at the IERS Workshop on Conventions, 20-21 September 2007, Paris, 
France. 

Dermanis, A. (2009): The Evolution of geodetic methods for the determination of strain pa-
rameters for earth crust deformation. In: D. Arabelos, M. Contadakis, Ch. Kaltsikis, S. 
Spatalas, eds. (2009), Terrestrial and Stellar Environment. Volume in of Prof. G. Asteri-
adis. Publication of the School of Rural & Surveying Engineering, Aristotle University 
of Thessaloniki, pp. 107-144. 

Dermanis, A. (2010): A study of the invariance of deformation parameters from a geodetic 



The Global World of A. Dermanis and an attempt to use System Dynamics for the analysis  
of Polar Motion (POM) and Length of Day Variations (LOD) 

35
 

point of view. In: M.E. Kontadakis, C. Kaltsikis, S. Spatalas, K. Tokmakidis, I.N. Tziavos 
(eds) The Apple of Knowledge. Volume in honor of Prof. D. Arabelos. Publication of the 
School of Rural & Surveying Engineering, Aristotle University of Thessaloniki, pp. 43-
66. 

Dermanis, A. (2010): Basic Concepts of Reference Systems in Geodesy, Astronomy and Ge-
ophysics. IAG School on Reference Frames, June 7-12, 2010, Mytilene, Lesvos, Greece, 
131 pp. 

Dermanis, A. (2011): Fundamentals of surface deformation and application to construction 
monitoring. Journal of Applied Geomatics, Vol. 3, Nr. 1, pp. 9-22. 

Dermanis, A. (2013): On the computation of strain rate parameters or The rigorous character 
of some classical approximate formulas for strain rates. In: Arabelos D, Kaltsikis C, Spat-
alas S, Tziavos IN (Eds.) Thales. Volume in honor of Prof. M. Kontadakis. Publication 
of the School of Rural & Surveying Engineering, Aristotle University of Thessaloniki, 
pp. 150-158. 

Dermanis A (2015). Determination of transformation parameters between two reference sys-
tems without common points. Three application examples from digital terrain models, 
laser scanning and GNSS seismology. In: Fotiou A, Paraschakis I, Rossikopoulos D 
(Eds), Measuring and Mapping the Earth. Special issue for Professor Emeritus Christo-
georgis Kaltsikis. Publication of the School of Rural and Surveying Engineers, Aristotle 
University of Thesssaloniki, 2015, pp. 100-114. 

Dermanis, A. (2016): Global Reference Systems: Theory and Open Questions. Invited paper 
at the Academia dei Lincei Session, VIII Hotine-Marussi Symposium on Mathematical 
Geodesy, Rome, 1721 June, 2013. In: Sneeuw N., Novk P., Crespi M., Sans F. (Eds.): 
VIII Hotine-Marussi Symposium on Mathematical Geodesy, IAG Symposia, Volume 
142, pp. 9-16. Springer International Publishing Switzerland. 

Dermanis, A. (2016): A note on the transformation of velocities under change of the reference 
system for deformable geodetic networks and its various linear approximations. Available 
at https://www.researchgate.net 

Engels, J. (2006): Zur Modellierung von Auflast-deformationen und indaziertor Polwander-
ung, Techn. Reports, Dept. of Geod¨asie und Geoinformatics, Report Nr. 2006.1, 
Stuttgart 2006 

Engels, J. and Grafarend, E. (1999): Zwei polare geod¨atisch Bezugssysteme: Der Referenz 
rahman der mittleren Oberfl¨achen Vorticitaet und der Tisserand-Referenz rahmen, 
Mitt.d. Bundersamtes fuer Kartographic und Geodasie, banel 5. ed. M. Schneider, pp. 
100-109, Frankfurt 1999 

Georghiadou, P. (1984): Zur Definition eines k¨operfesen Bezugssystems f ¨ ur eine deform-
ierbare Erde, Deutsche Geod¨atische Kommission, Bayerische Akademic der Wissen-
schaften, Muenchen 1984. 

Georghiandou, P. and Grafarend, E. (1986): Global variticity and the definition of the rotation 
of a deformable Earth, Gerlands Beitra¨ag zur Geophysik, Leipzig 95 (1986)516-528 

Grafarend, E. (1975): Vermessungskleisel in system der dridimensionalen Geod¨asic, 
Mitt.a.d.Markscheidewesen 18(1975)179-190 

Grafarend, E and Livieratos, E. (1978): Rank defects analysis of satellites geodetic networks 
I: geometric and semidynamic mode, manuscripta geodaetica, 3 (1978)107-134 

Grafarend, E and Heinz, K. (1978): Rank defects analysis of satellites geodetic networks II: 
dynamics mode manuscripta geodetica 3(1978) 135-156 

Grafarend, E. Engeles, J. and P. Varga (2000): The temporal variation of the spherical and 
Cartesian multiples of the gravity field: the generalized Mac-Cullagh representation, J. of 
Geodesy 74(2000) 519-530 



36 Erik Grafarend 
 

Grafarend, E. and F. Krumm (2002): datum-free deformation analysis of ITRF networks, 
Artificial Statics, J. Planetary Geodesy 37(2002)54-84 

Grafarend, E. and Awange, J. (2003): Non linear analysis of the threedimensional datum 
transformation (conformal group C7(3), J. of Geodesy 77(2003)66-76 

Gross, R. S. (2013): Earth rotation variantions-long period, Treaties on Geophysics, Vol. 3, 
pp. 1-63, ed. T. Herring, Elsevier 2007 

Moghtased-Azar, K and Grafarend, E. (2009): Surface deforamtion analysis of dense GPS 
network based on intrinsic geometry: deterministic and stochastic aspects, J. of Geodesy 
83(2009)431-454 

Richter, B., Engeles, J. and Grafarend, E. (2010): Transfermation of amplitudes and frequen-
cies of precession and nutation of the earth’s rotation vector to amplitudes and frequencies 
of diuranal polar motion, J. of Geodesy 84 (2010) 1-18 

Schuh, H. et al (2003): Erdrotation und dynamische Processe, Mitt. d. Bundesamtes f. Kar-
tographic und Geod¨asie, DFG-Forschungsvorhaben “Rotation der Erd”, Frankfurt 2003 

Schneider, M.: Variational equations for the study of Polar Motion, mitt. d. graphie und 
Geod¨asie B d.5, ed. M. Schneider, pp. 23-32 Frankfurt 1999 

Schuh, H., Nagel, S. and Seitz, T. (2001): Linear drift and period variations obseved in long 
time series of polar motion, J. of Geodesy 74(2001)701-710 

Smith, M. L. (1974). The scalar equation of infinitesimal elastic-gravitational mutation for a 
rotating, slighly elliptical Earth, Geodesy. J. Royal Astr. Soc. 37(1974)491-526 

Smith, M.L. (1977): Woble and nutation of teh Earth, geodesy. J. Royal Astro. Soc, 
50(1977)103-140 

Truesdell, C. (1904): Die Entwicklung des Drallsatezes, Zamm 41(1964) 149- 158 Grafar-
end, E. and Hauer, K. H. (1978): The equilibrium figure of the Earth I, Bulletin Ge-
odesique 52(1978)251-276 

Vanicek, P., Grafarend, E. and Barber, M. (2008): Strain invariants, J. of Geodesy 
82(2008)263-268 

Voosoghi, B. abns Grafarend, E. (2003): Intrinsic deforamtin analysis of the Earth’s surface 
based displacement field derived from space geodetic measurements: Case Studies: pre-
sent-day deformation patterns of Europe and of the Meditierranean area (ITRF data sets), 
J. of Geodesy 77(2003)303-326 

Wahr, J. M. (1981): Body tides on an elliptocal rotating, elastic and oceanless Earth, Ge-
odhys. J. Royal Astr. Soc. 64(1981) 677-703 

Wolf, D. (1997): gravitational viscoelastodynamics for a hydrostatic Planet, Deutsche 
Geod¨atische komission, Reihe C, Peport 452, Bayerische Akademic der Wissenschaften, 
Munchen 1997. 


