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Abstract: Strain rate parameters are derived for any epoch under the model of
point motion with constant velocities from the direct differentiation and limit pro-
cedures on the rigorous formulas for strain parameters (dilatation, maximum shear
strain, principal strains) introduced by Biagi & Dermanis. It is shown that the clas-
sical approximate formulas for strain rate parameters at an initial epoch based upon
the infinitesimal strain tensor instead of the real one are in fact rigorous and identi-
cal with those derived rigorously! Strain rate parameters at any epoch are expressed
as functions of those at the initial epoch and time.

1. Introduction

Deformation analysis on the horizontal plane is concerned with the point-wise
comparison of the shape around each point at two epochs an initial (reference) one
t, and a later (current) one 7. It is based on either the deformation gradient

F =ﬁ or the displacement gradient J =a—u=F—I, where x, and x are the
0x, 0x,

point coordinates at epochs #, and 7, respectively, while u=x-x, is the point
displacement. The computation of strain and strain rate parameters is traditionally

carried out based on the infinitesimal strain matrix tensor E. . =E(J +J7), which

. . . 1 1
is a first order approximation to the strain tensor E = E(FTF -I)= E(J +JT+J37)).

Strain parameters are two-epoch quantities p(#,,#) while strain rate parameters can
be either two-epoch quantities

ot =9
p(to’t)—dtp(toat) (1

or single epoch quantities
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d d
H(t) = lim— p(¢,¢t +7) = lim— p(¢,t') . 2
p)=lim—rp(t,1+7) =lim =2 p(,1') )
Here we will be mostly concerned with initial epoch strain rates
. . .d
bo=pliy) = lim= p(ty.1) 3)

for the special case where all points in the region move with constant velocities v
according to the linear in time model

X(£)=x,+(t=1,)v. 4)

which is the model currently implemented for the International Terrestrial Refer-
ence Frame (ITRF) see e.g. Altammimi et al. (2011).

In this case J = a = v =L is the velocity gradient.

t  0x,

Physically meaningful strain parameters are the dilatation A, the (maximum) shear
strain y and the principal strains e, and e, . In the infinitesimal approach they

max

are computed from the elements of the displacement gradient J according to the
approximate formulas (Malvern, 1977, Jaeger et al., 2007, Dermanis 2009)

A=J,+J,, ®))

n=J,-J5n, 7o =Jn+ 5, 7/:\/712"'7/22’ (6)
A A—

emax :i > emin :—7' (7)
2 2

where y,, y, are the so-called shear components. Due to linear character of some

of the above relations, the corresponding initial epoch strain rate parameters are
computed by replacing the elements of J with the corresponding elements of
J=L:

Ay=L,+Ly, 710=L|1_L22, 7}20:L12+L21- (8)

has undefined limit for

o
For the shear the two-epoch rate y(¢,,7) SAVARNETEY
/4

t —t, since in this case both y, >0, 7, >0 and y — 0. Instead the following
relation is used

7}02\/7}120"'7}220’ (9)

which at first sight appears to be unfounded. Furthermore

Ay +7 Ay -7,

; _ "0 0 ; _ 20 0
emax,() - 2 b emin,O - 2 . (10)
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We will show here that the above equations for strain rate parameters despite the
fact that they are based on the approximate value E, , of the strain tensor E they

are rigorous formulas with no approximation involved! This will be achieved by
applying the rigorous definition of initial epoch strain rate parameters on the rigor-
ous formulas for strain parameters introduced by Biagi & Dermanis (2006, 2012).

. . . ox D
These are based on the deformation gradient matrix F :8_ which in the case of
X0

the constant velocity model for point motion becomes

e A RN RARAS IR an

F=22
0x, 0 X,

where L =0v/0x, is the velocity gradient and we have also set 7 =¢—¢, for the
shake of simplicity. The rigorous algorithm is as follows

C=FF=I+7(L+L")+7°LL =

1+2¢L, +7° (L, + L) t(L, +L,)+7> (L, L, + L, L,,)

= > 22 (12)
(L, + L)+ (L, L, + L, Lyy) 1+27L,, + (L), + Ly,)
A=C11+C22, B:\/(CII_C22)2+4C122 > (13)
, A+B , A-B
= . = 14
h > 2 (14)
A-4
Y= , A=44, -1 (15)
VA4
2 2
emax = ﬂ] 1 > emin = 22 1 . (16)
2 2

In this rigorous approach the principal strains e, and e

X min

have been replaced by
the equivalent principal linear elongation factors 4, =4, and 4, =4,, occurring

at two perpendicular principal directions. They are the maximum and minimum
values of the linear elongation factor A =ds/ds, for curves at any direction with

initial length element ds, and final one ds .

2. Two-epoch strain rate parameters

. . . d .
The evaluation of two-epoch strain rate parameters p(f,,t) = = p(t,,t) (Dermanis,
t

2010) follows from direct differentiation
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A+ 4B

AT A= (7
. G+ )k —Ad) A id i (18)
4 YN A+ A4k,

émax :AA‘I > émin :A’Zﬂ?’ (19)

where dots denote derivatives with respect to time, ¢ = % .

Since these rates they will be the basis for the derivation of single epoch strain
rates they must be expressed as functions of the elements of the velocity gradient
L . From (12) follows that

C=L+L" +27LL" =

|:C11 C12:|:|: 2L, +27(L?1 +L§1) L, +L, +27(L,L, +Lzlez)} (20)

C, Cy L, + Ly +2¢(L, Ly, + L, Ly) 2Ly, +22(L}y + L3y)

while

A=C, +C,, (21)

and

B — (Cll — C22 )(Cll — sz) + 4C|2C12 — Cll — sz + 2C12 ] (22)
2

\/(Cn _C22)2 +4C122 \/1+[ 2C, Jz \/1+[Cn _szJ
Cll - sz 2C12
3. Derivation of initial epoch strain rate parameters

In order to derive the limits of 7 and A as t—>1, (v =¢—1,—0) we must first
examine the same limits for C, A, B, as well as for A, and A,. Obviously for
t —t, the corresponding limits are F -1, C—>1I and 4 —1, 4, > 1, since ﬂ,,z ,
A are the eigenvalues of C. From (12) follows that

C11 _sz 2(Ln _Lzz) +T(L?1 +L§1 _L?2 _Léz)

= , (23)
2¢C, (L, + L, + (L L, + Ly, L,,)]
and
lim C11 — sz _ Lll _Lzz , lim 2C12 _ le +L21 ) (24)
= 2C12 le +L21 = Cn - sz Ln _Lzz
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From (20) follows that

limC = lim ¢'1 ¢'2 | A Loty
11y =1 C12 C22 L12 +L2] 2L22
As an immediate consequence

lim 4 = lim(C,, + C,,) = 2(L,, + Ly,).

t—t,

lim B = lim| S =% | 2C, _

=1, 11, 2 2
\/1+[ 2C12 j \/1+(C11 _szJ
B G -Gy 2C, |

2(L11 _Lzz) + 2(L12 +L21)
2 2
\/1+(L12+L21J \/l—i-(LII_LZZJ
Lll _Lzz le +L21

:2\/(L11 _L22)2 +(L12 +L21)2 .

From the above limits follows that

+B _ }I—E}}A-’-}I—{EB _ 2(Ln +L22)+2\/(L11 _Lzz)2 +(L12 +L21)2

lim A, = lim =
11, A‘ 1=ty 4]1 4 4
s 4—p mASImB o Ly -2, - L) + (L, + L)
limA, =lim = =
11, 11, 4]2 4 4
Therefore

o (A A A= AA) : ;
limy =lim =(limA -limA,) =+/(L,, = L,,)" + (L, +L;,)
t—>t, 1=t 21112 uﬂ/]? t—>t t—>t, \/

while
limA =lim(4 4, + 4 4,) =lim A +limA, =L, + L,,.
-1, -1, -1, -1,

Therefore the initial epoch rates y, =limy and AO =1limA are given by

11, t—t,

7}():\/(]411_L22)2+(L12+L21)2 > AOZLII+L22

(25)

(26)

27

» (28)

. (29)

(30)

€2))

(32)
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which are identical with the formulas of the approximate infinitesimal approach!
Indeed recalling that y,,=L,, - L,, and y,, =L,, + L,, we obtain

?}0:\/7}120"'7}2205 (33)
which is no other than the originally enigmatic relation (9)!
For the rates of the principal strains we have

— (Lll +L22)+\/(Lll _L22)2 +(L12 _‘_[‘21)2 — A0 +7}0
2

limé,,, =lim(44)=lim4, 5 , (34)
. . (L, +Ly)—J(L, =L, + (L, + L)) A, —7
}Lrpéminz}g{l(ﬂ‘zﬁ?)z}irpj?:( nt+Ly) \/( 11 5 ») +(L, + L) :A0270 . (35)

Therefore the initial epoch rates ¢, , = }errol € and € o= }1301 é .. are given by

_Ao"'?}o e A0_7}0
max,0 — 7 >

e =
min,0 >
2

(36)

which are identical with the supposedly approximate formulas of the infinitesimal
approach!

We must remark that although point coordinates are linear functions of time the
same is not true for the strain parameters and the strain rates cannot be used to in-
duce strain parameters at any other epoch since p(t,,t) # p(t,.t,) +({ —1t,)p, -

4. Strain rate parameters at any epoch

Although the derived strain rate parameters refer to the initial epoch #,, the choice
of ¢, itself is arbitrary and therefore the results are easily modified to apply to any

epoch. For the derivation of single epoch strain rates p(¢) = %151% p(t,t") we note
that the coordinate motion model x(¢) =x, +(#—1¢,)v gives

X(t)=x, +(t'—t,)v=x()+ (' 1)V (37)
The deformation gradient for the two epochs ¢ and ¢ is given by

_x(t)_

F.r)= ox(1)  ox(r)

PN SN\ S S
[x(t)+ (' —t)v]=T+(z t)ax(t)_l+(t HL,. (38)

We note that while F(z,,¢) =1+ (r—¢,)L now F(z,t')=1+(t'—t)L,, i.e. the initial

epoch velocity gradient L = aﬁ has been replaced by the instantaneous velocity
X
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gradient L, = . The structure of all strain rate parameters remains the same

ox(t)
with respect to the relevant deformation gradient F . Therefore since F(7,,7) has
been replaced by F(z,#') we simply need to replace L with L, in the relevant
formulas. In order to evaluate L, in terms of L. we note that

. &z__&fam)_j&{éﬂﬁ} :£3{1+r§i}=La+rLrl (39)

"Uox(r) ox, 0x(f) 0x,| 0K, ox, X,
with 7 =7—1,. Analytical inversion gives

l+7L, 7L, }_l 1 |:1+TL22 7L, }

= (40)
L, 1+7L, -L,, 1+7L,

(I+7L)" { 5

where

D=detI+7L)=(+7L,)(1+7Ly,)—7’L,Ly, =1+7(L,, + L)+ 7 (L, Ly, —L,L,) =
=1+ rtraceL + 7* det L 41)

The required velocity gradient becomes
L - Ly L, —L(I+7L)" = L|:L11 L, :|[1 +7ly, Tl :| _
L, L, DL, L,| -tL, 1+7L,

:l|:L11 +7(Ly Ly, — Ly, Ly) L, :|

(42)
D L, L, +7(LLy, — L,L,))

The instantaneous strain rate parameters for an arbitrary epoch ¢ follow by replac-
ing in the formulas for the initial epoch rates the elements L, of L with the corre-

sponding elements L, , of L, . Thus

| ;
ym=J@m—aﬂY+@m+amf=5$u (43)
_ Ay +2(1—1,)det L

b , (44)

A(t) = Lr,ll + Lt,22

while

_ A(t)-i—]/(l) _ emax,o +(f—t0)detL
T2 Do

Cpna (1) , (45)
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_ AW = 7(0) _ ino + (1) det L

Cin (1 46
min (1) 2 D) (46)

where since in view of (32) traceL = L,, + L,, = A,

D(t)=1+(t—t,)A, +(t—1,)* detL. 47)

5. Summary and conclusions

We have derived here three different types of rigorous strain rate parameters,
which are the rates of corresponding strain parameters (dilatation, shear strain,
principal strains). Since point-wise strain parameters describing deformation are
functions of two epochs an initial one (reference shape) and a later one (current
shape) it is possible to distinguish between:

(a) Two-epoch strain rates (rates with respect to the current shape)
(b) Single-epoch (instantaneous) strain rates at the initial (reference) epoch.
(¢) Single-epoch (instantaneous) strain rates at any (current) epoch.

The most amazing result is the fact that the rigorous initial epoch strain rates (b
above) are identical with the classical supposedly approximate strain rates which
are derived on the basis of the infinitesimal approximation to the strain tensor.
Moreover the problem of the enigmatic character of the formula for shear strain
rate which does not comply with the rules of differentiation has been resolved.
Another interesting result is that strain rates at any current epoch (¢ above) are ra-
tional time functions involving the initial epoch rates.
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